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ON SETS WITH MORE PRODUCTS THAN QUOTIENTS
HÙNG VIÊ. T CHU
ABSTRACT. Given a finite set A ⊂ R\{0}, define
A ·A = {ai · aj | ai, aj ∈ A},
A/A = {ai/aj | ai, aj ∈ A},
A+A = {ai + aj | ai, aj ∈ A},
A−A = {ai − aj | ai, aj ∈ A}.
The set A is said to be MPTQ (more-product-than-quotient) if |A · A| > |A/A| and
MSTD (more-sum-than-difference) if |A + A| > |A − A|. Though much research
has been done on MSTD sets, research on MPTQ sets hardly grows at the same pace.
While many properties of MSTD sets still hold for MPTQ sets, MPTQ sets have many
unique properties. This paper examines the probability measure of MPTQ sets and the
search for MPTQ sets, when sets are not MPTQ, and what sequences do not contain
MPTQ subsets.
1. INTRODUCTION AND MAIN RESULTS
1.1. Introduction. Given a finite set A ⊂ R\{0}, define
A · A = {ai · aj | ai, aj ∈ A},
A/A = {ai/aj | ai, aj ∈ A}.
The setA is said to beMPTQ (more-product-than-quotient) if |A·A| > |A/A|, quotient-
dominated if |A ·A| < |A/A|, and balanced if |A · A| = |A/A|. Also, define
A+ A = {ai + aj | ai, aj ∈ A},
A−A = {ai − aj | ai, aj ∈ A}.
The set A is said to be MSTD (more-sum-than-difference) if |A + A| > |A − A|. We
consider MPTQ and MSTD subsets ofR (instead ofN as in previous work) because this
extension allows us to define the log transformation and the exponential transformation,
which are crucial in describing the relationship between the two types of sets. Since
multiplication and addition are commutative while division and subtraction are not, it
is natural to think that MPTQ and MSTD sets are very rare. Interestingly, Martin and
O’Bryant [10] proved that as n→∞, the proportion of MSTD subsets of {0, 1, . . . , n−
1} is bounded below by a positive constant. Since then, research on sum-dominant sets
has made considerable progress: see [7, 9, 16, 18, 19, 20] for history and overview,
[8, 11, 12, 17, 21] for explicit constructions, [5, 10, 23] for positive lower bound for
the percentage of sum-dominant sets, and [3, 4, 13, 22] for extensions to other settings.
However, research on MPTQ sets hardly grows at the same pace. Fortunately, many
results on MSTD sets hold for MPTQ sets because the two types of sets are closely
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related. The goal of this paper is to provide an understanding of MPTQ sets through
both what we know about MSTD sets and unique properties of MPTQ sets themselves.
Furthermore, properties of MPTQ sets also shed light on new results about MSTD sets.
We focus on the four topics: how to search for MPTQ subsets of {1, 2, . . . , n} more
efficiently, the probability measure of MPTQ subsets of {1, 2, . . . , n}, when sets are not
MPTQ, and what sequences do not contain MPTQ subsets.
1.2. Notation. We first introduce some notation.
(1) For n ∈ N and r ∈ R\{0,±1}, define Gn,r = {1, r, r2, . . . , rn−1}.
(2) For (ai)ℓi=1 and a set A, we write (ai)
ℓ
i=1 → A to mean the introduction of ℓ
numbers (ai)ℓi=1 into the set A to form A ∪ {ai | 1 ≤ i ≤ ℓ}.
(3) Given a set A of positive real numbers and 1 6= r > 0, define
logr A = {logr ai | ai ∈ A}.
BecauseA contains only positive numbers, logr A is well-defined and | logr A| =
|A|. We call this the r-log transformation of A.
(4) Given a set B of real numbers and 1 6= r > 0, define
rB = {rbi | bi ∈ B}.
Because 1 6= r > 0, |rB| = |B|. We call this the r-exponential transformation
of B.
(5) Let A = {a1, a2, . . . , an}, where |a1| ≤ |a2| ≤ · · · ≤ |an|. We write A in the
following form
A = (a1 | a2/a1, a3/a2, . . . , an/an−1).
All information about set A is preserved in this notation. Call
a2/a1, a3/a2, . . . , an/an−1
the multiplier sequence. Note that the absolute value of each quoient in the
multiplier sequence is at least 1.
Example 1.1. Let A = {5, 1280,−10,−40, 40, 2560, 160, 320}. We can write
A = (5 | − 2, 4,−1, 4, 2, 4, 2).
1.3. Main results.
Theorem 1.2. Let n ∈ N. Denote Te to be the time the most efficient way takes to
search for all MPTQ subsets of {1, 2, . . . , 2n}. Let T be the time to search for all MPTQ
subsets of {1, 2, . . . , 2n} by checking whether each possible subset of {1, 2, . . . , 2n} is
MPTQ. Then T ≥ 2T0.
Theorem 1.2 is important if we want to have a similar result to [10, Theorem 1] for
MPTQ sets. Having a list of MPTQ subsets of {1, 2, . . . , n} will place us in a better
position to prove/disprove such a theorem. With a simple program, the author found no
MPTQ subsets of {1, 2, . . . , 36}, which supports the following theorem.
Theorem 1.3. As n→∞, the proportion of MPTQ subsets of {1, 2, . . . , n} approaches
0; that is, as n→∞, almost all subsets of {1, 2, . . . , n} are not MPTQ.
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Question 1.4. What is the smallest n such that {1, 2, . . . , n} has a MPTQ subset?
Our next result concerns the smallest cardinality of MPTQ sets, comparably to [8,
Theorem 1].
Theorem 1.5. Let A be a MPTQ set of real numbers. The following claims are true.
(1) If A contains only positive numbers, then |A| ≥ 8.
(2) If A contains negative numbers, then |A| ≥ 5.
When we allow negative numbers to be included, the proof for the smallest cardinal-
ity becomes more complicated very quickly.
Question 1.6. What is the smallest cardinality among MPTQ sets of real numbers?
To prove [8, Theorem 1], Hegarty used a nontrivial algorithm to reduce the problem
to finite computation. The program was reported to run for about 15 hours. However,
because it takes less memory and computation power for computers to do addition and
subtraction than multiplication and division, Question 1.6 is quite challenging.
Lastly, we find sequences that do not contain MPTQ subsets.
Theorem 1.7. Let P be the set of all primes. The following are true.
(1) The set P contains no MPTQ subsets.
(2) Fix 1 6= r > 0. Consider Pr = logr(P ). Then Pr contains no MSTD subsets.
Theorem 1.8. Let A = {ak}
∞
k=1 be an increasing sequence in absolute value of real
numbers. If there exists a positive integer r such that
(1) |ak| > |ak−1 · ak−r| for all k ≥ r + 1, and
(2) A does not contain any MPTQ set S with |S| ≤ 2r − 1,
then A contains no MPTQ set.
Theorem 1.8 is comparable to [3, Theorem 1] but allows more flexibility in the sense
that our sequence needs only to be increasing in absolute value.
Example 1.9. Define the Fibonacci sequence to be F1 = 1, F2 = 2, and Fn = Fn−1 +
Fn−2 for n ≥ 3. Let A = {ak}
∞
k=1 with ak = 2
Fk . Because for k ≥ 4, ak = ak−1ak−2 >
ak−1ak−3, and there are no MPTQ sets of size 5 due to Theorem 1.5 item 1, A has no
MPTQ subsets.
Example 1.10. Let A = {ak}
∞
k=1 with ak = ±k
Fk (we may choose the sign for each ak
arbitrarily). Because for k ≥ 3,
|ak| = k
Fk = kFk−1 · kFk−2 > (k − 1)Fk−1 · (k − 2)Fk−2 = |ak−1ak−2|,
and there are no MPTQ sets of size 3 due to Theorem 1.5 item 2, A has no MPTQ
subsets.
Remark 1.11. It is interesting to see that while the set of prime numbers contains
infinitely many MSTD subsets [3, Theorem 5], it contains no MPTQ subsets. On the
other hand, an example of a set containing infinitely many MPTQ subsets while no
4 HÙNG VIÊ. T CHU
MSTD subsets is {1, 2, 22, 23, . . .}.1 Finally, we also have sets that contain neither
MSTD nor MPTQ subsets. An example is the sequence in Example 1.9.
2. SEARCH FOR MPTQ SUBSETS MORE EFFICIENTLY AND
PROBABILITY MEASURE FOR MPTQ SUBSETS
Proof of Theorem 1.2. By the Bertrand’s postulate, we know that there exists at least
one prime number p with n < p < 2n − 2. We claim that if A is a MPTQ subset of
{1, 2, . . . , 2n} and A contains p, then A\{p} is also MPTQ.
We proceed by proving the claim. Let A\{p} = {a1, a2, . . . , aj}, where a1 < a2 <
· · · < aj . Consider p→ A\{p}. The number of new products is at most j+1. Consider
the following quotients
p
a1
,
p
a2
, . . . ,
p
aj
.
They are all new quotients from p → A\{p}. Indeed, suppose that there exists 1 ≤
k, ℓ,m ≤ j such that p
ak
= aℓ
am
. Then pam = akaℓ and so, either p|ak or p|aℓ. Hence,
max{aℓ, ak} ≥ 2p > 2n,
which contradicts that A ⊆ {1, 2, . . . , 2n}. Therefore, all the above quotients and their
reciprocals are new. So, the number of new quotients is at least 2j. Let A′ = A\{p}.
We have
1 ≤ |A · A| − |A/A| ≤ (|A′ · A′|+ (j + 1))− (|A′/A′|+ 2j).
Rearranging, we have |A′ · A′| − |A′/A′| > j, implying that A′ is MPTQ.
Hence, for our computer search, there is no need to check for sets containing p. Once
we have a complete list of MPTQ subsets of {1, 2, . . . , 2n} without containing p, we
can add p in these sets to see if we have new MPTQ subsets. This method helps reduce
our running time by two times.2 
Example 2.1. If we want to search for all MPTQ subsets of {1, 2, . . . , 36}, we can
instead search for all MPTQ subsets of {1, 2, . . . , 36}\{19, 23, 29, 31}, which reduces
the running time by 16 (= 24) times.
It is relatively harder to findMPTQ subsets than to findMSTD subsets of {1, 2, . . . , n}.
Hence, we instead look for MPTQ subsets of {2n · 3m | 0 ≤ n,m ≤ 6}. Below are sev-
eral sets we found
{12, 27, 36, 96, 108, 144, 162, 243, 648, 864, 1944},
{8, 18, 32, 36, 48, 216, 324, 432, 486, 864, 1944},
{4, 9, 12, 32, 36, 48, 54, 81, 216, 288, 648},
{1, 6, 8, 9, 24, 72, 108, 288, 324, 432, 2592},
{3, 18, 24, 27, 72, 108, 324, 864, 972, 1296, 7776}.
1The reason that {1, 2, 22, 23, . . .} has no MSTD subsets is due to [3, Corollary 8].
2There are many improved versions of the Bertrand’s postulate, which may reduce the running further
as our n grows. For example, Nagura [14] proved that for n ≥ 25, there is always a prime between n
and 6n/5. Therefore, between n and 2n, there are at least 2 primes. This reduces the running time by 4
times.
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Proof of Theorem 1.3. By [1, Corollary 1.1], almost all sets A ⊆ {1, 2, . . . , n} have
|A/A| ∼ Cn2 for some constant C > 0. On the other hand, Erdo˝s [6] proved that as
n→∞,
|A · A| ≤ |{1, 2, . . . , n} · {1, 2, . . . , n}| =
n2
(logn)δ+o(1)
= o(n2),
where δ = 1 − 1+log log 2
log 2
. Therefore, as n →∞, almost all subsets of {1, 2, . . . , n} are
not MPTQ. 
3. PRELIMINARIES
We now mention some important properties of MPTQ sets and the relationship be-
tween MSTD and MPTQ sets.
Definition 3.1. A set A is symmetric with respect to a if there exists a ∈ R\{0} such
that a/A = A.
Example 3.2. The set S1 = {3, 4, 6, 8, 9, 27, 48, 144, 162, 216, 324, 432} is symmetric
with respect to 1296 because
S1 =
{
1296
3
,
1296
4
,
1296
6
,
1296
8
,
1296
9
,
1296
27
,
1296
48
,
1296
144
,
1296
162
,
1296
216
,
1296
324
,
1296
432
}
.
Lemma 3.3. A symmetric set is balanced.
Proof. Let A be a symmetric set with respect to a. We have
|A ·A| = |(a/A) ·A| = |a · (A/A)| = |A/A|.
Therefore, A is balanced. 
Remark 3.4. Let A = {a1, . . . , an} be a MPTQ set and A
p be the nonempty subset of
A whose elements are divisible by a prime p. Let q be a prime that does not divide any
number in A. For each number in Ap, if we replace p in its prime factorization by q
to form (Ap)′. Then (A\Ap) ∪ (Ap)′ is MPTQ. The reason is that the process does not
change the sizes of the product set and the quotient set. MSTD sets do not enjoy this
property. We call this the (p, q)-prime switch of A.
Example 3.5. The set
S2 = {3, 4, 6, 8, 9, 27, 48, 72, 144, 162, 216, 324, 432}
is MPTQ. By the (2, 5)-prime switch, we have the new set
S3 = {3, 25, 15, 125, 9, 27, 1875, 1125, 5625, 405, 3375, 2025, 16875},
which is also MPTQ.
Definition 3.6. Let A ∈ R\{0}. For ai, aj ∈ A, we have ai/ai = aj/aj = 1. We call
the pair (ai, ai), (aj , aj) a trivial pair of equal quotients.
Proposition 3.7. For a finite set A ∈ R\{0}, we have the following trivial bounds
|A · A| ≤
|A|(|A|+ 1)
2
, (3.1)
|A/A| ≤ |A|(|A| − 1) + 1. (3.2)
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The equality in (3.1) is achieved if every pair of numbers gives a distinct product, and
the equality in (3.2) if every pair of distinct numbers gives a distinct quotient.
Remark 3.8. Given a set A ∈ R\{0}, for each q ∈ A/A, define
(A/A)q = {{ai, aj} | ai/aj = q and ai, aj ∈ A}.
Then
1
2
(|A|(|A| − 1) + 1− |A/A|) =
∑
q∈A/A,q 6=1,|q|≥1
(|(A/A)q| − 1). (3.3)
The part |A|(|A| − 1) + 1 comes from Inequality (3.2).
We provide an example to help understand (3.3).
Example 3.9. Let A = {1, 2, 3, 6, 9}. We have
A/A =
{
1, 2, 3,
3
2
,
9
2
, 6, 9,
1
2
,
1
3
,
1
9
,
1
6
,
2
3
,
2
9
}
and so, |A/A| = 13. The left side of (3.3) is 4. Consider the right side of (3.3). We have
(A/A)2 = {{2, 1}, {6, 3}},
(A/A)3 = {{3, 1}, {6, 2}, {9, 3}}, (A/A)3/2 = {{3, 2}, {9, 6}},
(A/A)9/2 = {{9, 2}}, (A/A)6 = {{6, 1}}, (A/A)9 = {{9, 1}}.
The right side is
∑
q∈A/A,q>1(|(A/A)q| − 1) = 4, as desired.
Remark 3.10. Given a set A ∈ R\{0}, for each p ∈ A · A, define
(A ·A)p = {{ai, aj} | aiaj = p and ai, aj ∈ A}.
Then
1
2
|A|(|A|+ 1)− |A ·A| =
∑
p∈A·A
(|(A · A)p| − 1). (3.4)
The part 1
2
|A|(|A|+ 1) comes from Inequality (3.1).
Example 3.11. Let A = {1, 2, 3, 6, 9}. We have
A ·A = {1, 2, 3, 4, 6, 9, 12, 18, 27, 36, 54, 81}
and so, |A ·A| = 12. The left side of (3.4) is 3. Consider the right side of (3.4). We have
(A/A)1 = {{1, 1}}, (A/A)2 = {{1, 2}}, (A/A)3 = {{3}}, (A/A)4 = {{2, 2}},
(A/A)6 = {{1, 6}, {2, 3}}, (A/A)9 = {{1, 9}, {3, 3}}, (A/A)12 = {{2, 6}},
(A/A)18 = {{2, 9}, {3, 6}}, (A/A)27 = {{3, 9}}, (A/A)36 = {{6, 6}},
(A/A)54 = {{6, 9}}, (A/A)81 = {{9, 9}}.
So, the right side is 3, as desired.
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Remark 3.12. Let A ⊂ R\{0}. Loosely speaking, Remark 3.8 and Remark 3.10 show
how pairs of equal products and nontrivial pairs of equal quotients reduce |A · A| and
|A/A|, respectively. When we look at the reduction, we have to be very careful. For
example, if we have ai · aj = am · an = ap · aq for some ai, aj , am, an, ap, aq ∈ A and
ai, aj, am, ap, aq being pairwise different, |A · A| is reduced by 2, not 3 even though
{ai, aj}, {am, an}, {ap, aq} ∈ (A · A)aiaj . This is why we need to subtract 1 from
each summand in (3.4). The same reasoning applies for A/A. Now, we investigate the
relationship between the number of nontrivial pairs of equal quotients and the number
of pairs of equal products. Consider two cases.
(1) Case 1: we do not have ai ·aj = am ·an = ap ·aq for all ai, aj , am, an, ap, aq ∈ A
and ai, aj , am, ap, aq being pairwise different. In other words, for all p ∈ A ·
A, 1 ≤ |(A · A)p| ≤ 2. In this case, we have a very useful inequality. Let
ai, aj, am, an ∈ A, where aj/ai = an/am 6= 1 and |ai| ≤ |aj| ≤ |am| ≤ |an|.
• If aj 6= am, we have another nontrivial pair of equal quotients whose ab-
solute values are at least 1: am/ai = an/aj .
• If aj = am, then we do not have another pair.
In both cases, we have aj · am = ai · an, a pair of equal products. So, a non-
trivial pair of equal quotients whose absolute values are at least 1 increases the
right side of (3.3) by at most 2, while its corresponding pair of equal products
increases the right side of (3.4) by exactly 1. Hence, if
k =
∑
q∈A/A,q 6=1,|q|≥1
(|(A/A)q| − 1),
then ∑
p∈A·A
(|(A · A)p| − 1) ≥ k/2. (3.5)
(2) Case 2: ai · aj = am · an = ap · aq for some ai, aj, am, an, ap, aq ∈ A and
ai, aj, am, ap, aq being pairwise different. Then we do not have (3.5) anymore.
To see why, suppose that {1, 4, 5, 8, 10, 40} ⊆ A. Then the following pairs of
equal quotients
4
1
=
40
10
,
10
1
=
40
4
,
40
8
=
5
1
,
40
5
=
8
1
,
5
4
=
10
8
,
10
5
=
8
4
.
increase the right side of (3.3) by 6. The corresponding products given by these
three pairs are
4 · 10 = 1 · 40, 1 · 40 = 5 · 8, 4 · 10 = 5 · 8.
As mentioned above, the right side of (3.4) only accounts for 2 (not 3) out of
these three pairs of equal products since 4 · 10 = 1 · 40 = 5 · 8. Because
6/2 = 3 > 2, we do not have Inequality (3.5).
Lemma 3.13. Let a MSTD set A be chosen. Then for all 1 6= r > 0, B = rA is MPTQ.
Proof. We will prove that |B/B| = |A−A| and |B ·B| = |A+A|. Given a difference
ai−aj for some ai, aj ∈ A, we have the corresponding quotient rai/raj . Let a′i, a
′
j ∈ A.
Because r /∈ {0,±1}, ai − aj = a′i − a
′
j if and only if r
ai−aj = ra
′
i−a
′
j . Therefore,
|B/B| = |A − A|. Similarly, given a sum ap + aq for some ap, aq ∈ A, we have the
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corresponding product rapraq . Let a′p, a
′
q ∈ A. Because r /∈ {0,±1}, ap + aq = a
′
p + a
′
q
if and only if rap+aq = ra
′
p+a
′
q . Therefore, |B · B| = |A + A|. This completes our
proof. 
Lemma 3.14. Let a MPTQ set A of positive numbers be chosen. Fix 1 6= r > 0. Then
B = logrA is MSTD.
Proof. Wewill prove that |B+B| = |A ·A| and |B−B| = |A/A|. Given a product aiaj
for some ai, aj ∈ A, we have the corresponding sum logr ai+logr aj inB+B. Let a
′
i, a
′
j
be chosen. We have aiaj = a′ia
′
j if and only if logr ai + logr aj = logr a
′
i + logr a
′
j .
Hence, |B + B| = |A · A|. Similarly, given a quotient ap/aq for some ap, aq ∈ A,
we have the corresponding difference logr ap − logr aq in B − B. Let a
′
p, a
′
q ∈ A,
We have ap/aq = a′p/a
′
q if and only if logr ap − logr aq = logr a
′
p − logr a
′
q . Hence,
|B − B| = |A/A|. This completes our proof. 
4. THE SMALLEST MPTQ SET
Proof of Theorem 1.5 item 1. We prove by contradiction. Let A be a MPTQ set with
|A| ≤ 7. By Lemma 3.14, B = log2A is MSTD and |B| = 7. This contradicts [15,
Theorem 6]. So, |A| ≥ 8, as desired. 
Example 4.1. An example of a MPTQ set with cardinality 8 is
S4 = {2
0, 22, 23, 24, 27, 211, 212, 214}.
This set is the 2-exponential transformation of the MSTD set {0, 2, 3, 4, 7, 11, 12, 14}.
Lemma 3.13 guarantees that S4 is MPTQ.
The restriction we have in Theorem 1.5 item 1 is that our MPTQ set only contain
positive numbers. Next, we relax this condition to prove Theorem 1.5 item 2. We
employed the same technique used by the author [2] with a nontrivial modification of
the proof for the product/quotient case. The proof is more complicated compared to the
proof of [2, Theorem 1] because of interactions between negative and positive numbers.
The next lemma follows from [2, Proposition 7] and the proof of Lemma 3.13.
Lemma 4.2. Let n ∈ N and r ∈ R\{0,±1}. Set a = r(n−1)+k for some 1 ≤ k ≤ n− 1.
Then a→ Gn,r gives k + 1 new products and 2k new quotients.
Theorem 4.3. Let n ∈ N and r ∈ R\{0,±1}. For all a ∈ R\{0}, the set Gn,r ∪ {a} is
not MPTQ.
Proof. If a ∈ Gn,r, then we are done since Gn,r is symmetric with respect to rn−1 and
thus, not MPTQ. For n = 1, we have G1,r = {1, a}, which is symmetric with respect
to a and thus, not MPTQ. We assume that a /∈ Gn,r and n ≥ 2. The number of new
products as a result of a→ Gn,r is at most n+ 1. We consider the following two cases.
Case 1: a = rℓ for some ℓ ∈ N>n−1. If ℓ = n, we have Gn,r ∪ {a} = Gn+1,r, which is
not MPTQ. Consider ℓ ≥ n+ 1. Write ℓ = (n− 1) + k for some k ≥ 2.
• If 2 ≤ k ≤ n − 1, by Lemma 4.2, we have k + 1 new products while 2k new
quotients. So, our new set is not MPTQ.
• If k > n− 1, then we have 2n new quotients. Since we have at most n+ 1 new
products, our new set is not MPTQ.
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Case 2: a = rℓ for some ℓ ∈ N<0. Due to symmetry, this is similar to Case 1.
Case 3: a 6= rℓ for all ℓ ∈ Z. Our set of new quotients contains
K =
{
a,
a
r
, . . . ,
a
rn−1
}
.
• If 1/a ∈ K, then a2 ∈ Gn,r. So, the number of new products is at most n.
Because |K| = n, we know that our new set is not MPTQ.
• If 1/a /∈ K, then we have at least n + 1 new quotients. Again, our new set is
not MPTQ.
We have completed the proof. 
Corollary 4.4. A finite set containing numbers in a geometric progression in union with
an arbitrary number is not MPTQ.
Proof. Let our set be A = {a, ar, ar2, . . . , arn−1, b}, where n ∈ N, ab 6= 0, r /∈
{0,±1}. Then, A/a = {1, r, r2, . . . , rn−1, b/a} = Gn,r ∪ {b/a}, which is not MPTQ
by Theorem 4.3. Hence, A is not MPTQ. 
Proof of Theorem 1.5 item 2. Let A be our finite set of positive numbers. We analyze 5
cases corresponding to the cardinality of A.
Case 1: |A| = 1. Write A = {a1} for some a1 ∈ R\{0}. Because A is symmetric with
respect to a21, A is not MPTQ.
Case 2: |A| = 2. Write A = {a1, a2} for some a1, a2 ∈ R\{0}. Because A is
symmetric with respect to a1a2, A is not MPTQ.
Case 3: |A| = 3. Write A = {a1, a2, a3} for some a1, a2, a3 ∈ R\{0}. Consider
A/a1 = {1, a2/a1, a3/a1}. Either a2/a1 6= −1 or a3/a1 6= −1. Without loss of
generality, assume that a2/a1 6= −1. Because {1, a2/a1} = G2,a2/a1 , Theorem 4.3 says
that A/a1 = G2,a2/a1 ∪ {a3/a1} is not MPTQ. Hence, A is not MPTQ.
Case 4: |A| = 4. WriteA = {a1, a2, a3, a4} for some 0 < |a1| ≤ |a2| ≤ |a3| ≤ |a4|. By
Proposition 3.7, we know thatmax |A ·A| = 10, whilemax |A/A| = 13. Since we have
only 4 numbers, we do not have ai ·aj = am ·an = ap ·aq for all ai, aj , am, an, ap, aq ∈ A
and ai, aj, am, ap, aq being pairwise different. Let
k =
∑
q∈A/A,q 6=1,|q|≥1
(|(A/A)q| − 1),
then we can apply Remark 3.12 Case 1 to have∑
p∈A·A
(|(A · A)p| − 1) ≥ k/2.
In order that A is MPTQ, it must be that
13− 2k < 10− k/2. (4.1)
Solving for k, we have k ≥ 3. Therefore, |A/A| ≤ 13 − 6 = 7. For 1 ≤ i ≤ 3, set
mi = ai+1/ai. Note that |mi| ≥ 1 andmi 6= 1. Then
A = (a1 |m1, m2, m3).
We have 6 distinct quotients
K = {1, m1, m1m2, m1m2m3, (m1m2)
−1, (m1m2m3)
−1}.
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Subcase 4.1: m1 6= −1. Then (m1)−1 is another distinct quotient. Because |A−A| ≤
7, we have m2 ∈ K ∪ {(m1)−1}. The only possible option is that m2 = m1. Then
{a1, a2, a3} is a geometric progression. By Corollary 4.4, A is not MPTQ.
Subcase 4.2: m1 = −1. Then m2 6= m1 because if not, m1m2 = 1 or a1 = a3, a
contradiction. Eitherm2 /∈ K or we havem2 ∈ {m1m2m3, (m1m2m3)−1}.
• Subcase 4.2.1: m2 /∈ K. Then (m2)−1 ∈ K ∪ {m2}. The only option is
(m2)
−1 ∈ {(m1m2m3)
−1, m1m2m3}. So,m3 = −1. Our set
A = {a1,−a1,−a1m2, a1m2},
which is symmetric with respect to a21m2 and thus, not MPTQ.
• Subcase 4.2.2: m2 ∈ K. The only option is m2 ∈ {(m1m2m3)−1, m1m2m3},
or equivalently, m1m3 = 1. Again, we have m3 = −1. According to Subcase
4.2.1, our set is not MPTQ.
We complete our proof that |A| ≥ 5. 
5. SEQUENCES WITH NO MPTQ SUBSETS
Proof of Theorem 1.8. Let S = {s1, s2, ..., sk} = {ag(1), ag(2), ..., ag(k)} be a finite sub-
set of A, where g : Z+ → Z+ is a strictly increasing function. We show that S is not
MPTQ by strong induction on g(k).
For the base case, we know that all MPTQ sets have at least 5 elements due to Theo-
rem 1.5 item 2, so any subset S ofAwith exactly k elements is not a MPTQ set if k ≤ 4;
in particular, S is not a MPTQ set if g(k) ≤ 4. Thus we may assume for g(k) ≥ 5 that
all S ′ of the form {s1, ..., sk−1} with |sk−1| ≤ |ag(k)| are not MPTQ sets. The proof is
completed by showing S = S ′ ∪ {ag(k)} = {s1, ..., sk−1, ag(k)} is not MPTQ sets for
any ag(k).
For the inductive step, S ′ is not a MPTQ set by the inductive assumption. If k ≤
2r − 1 then |S| ≤ 2r − 1 and S is not a MPTQ set by the second assumption of the
theorem. If k ≥ 2r, consider the number of new products and quotients obtained by
adding ag(k). As we have at most k new products, we are done if there are at least k new
quotients.
Since k ≥ 2r, we have k − ⌊k+1
2
⌋ ≥ r. Let t = ⌊k+1
2
⌋. Then t ≤ k − r, which
implies |st| ≤ |sk−r|. The largest quotient in absolute value between elements in S ′
is |sk−1/s1| and the smallest is |s1/sk−1|; we now show that we have added at least k
distinct quotients whose absolute values are either greater than |sk−1/s1| or smaller than
|s1/sk−1|, which will complete the proof. We have
|ag(k)/st| ≥ |ag(k)/sk−r| = |ag(k)/ag(k−r)|
≥ |ag(k)/ag(k)−r|
> |ag(k)−1/a1| (by the first assumption on {an})
≥ |sk−1/a1| = |sk−1/s1|.
Since |ag(k)/st| > |sk−1/s1|, we know that
ag(k)/st, . . . , ag(k)/s2, ag(k)/s1
are t quotients whose absolute values are greater than |sk−1/s1|. As we could do di-
vision in the opposite order, we have t quotients who absolute values are smaller than
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|s1/sk−1|. Therefore, the total number of new quotients is at least
2t = 2
⌊
k + 1
2
⌋
≥ k.
This completes our proof. 
Proof of Theorem 1.7. We first prove item 1. Consider A = {a1, a2, . . . , an} ⊂ P for
some n ∈ N and a1 < a2 < · · · < an. Due to Theorem 1.5 item 1, it suffices to prove
the following claim: if A\{an} is not MPTQ, then A is not MPTQ. In particular, we
will prove that an → A\{an} gives more new quotients than new products. Clearly,
an → A\{an} gives at most n new products. The following are new quotients
an
a1
,
an
a2
, . . . ,
an
an−1
.
Indeed, suppose that an/aj = am/ak for some 1 ≤ m, k, j ≤ n−1. Then anak = amaj ,
implying that either am|ak or am|an, which contradicts that ak, an ∈ P . Hence, we have
n − 1 new quotients greater than 1. Their reciprocals must also be new. Therefore, we
have 2(n− 1) new quotients. For n ≥ 8, 2(n− 1) > n, and so, A is not MPTQ. Again,
the reason we only concern with n ≥ 8 is due to Theorem 1.5 item 1.
We proceed to prove item 2. Fix r > 0 and r 6= 1. We prove by contradiction.
Suppose that Pr contains a MSTD subset A. By Lemma 3.13, rA ⊂ P is MPTQ,
implying that P contains a MPTQ subset. This contradicts item 1 above. 
6. QUESTIONS
We end with a list of questions for future research.
• The diameter of a set is defined to be the difference between the maximum and
the minimum. What is the smallest diameter of a MPTQ sets?
• Can we construct MPTQ sets explicitly without using MSTD sets and Lemma
3.13?
• Is there a set that is both MSTD and MPTQ?
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